This article treats various aspects of the geometry of the moduli Sgr of r-spin curves and its compactification Sgr. Generalized spin curves, or r-spin curves, are pairs (X, L) with X a smooth curve and L a line bundle whose r th tensor power is isomorphic to the canonical bundle of X. These are a natural generalization of 2-spin curves (algebraic curves with a thetacharacteristic), which have been of interest lately because they are the subject of a remarkable conjecture of E. Witten.
Introduction
In this article we study the geometry of the moduli S gr of higher spin curves, or r-spin curves, over the Deligne-Mumford moduli space of stable curves M g .
Smooth r-spin curves consist of a smooth algebraic curve X and a line bundle (invertible coherent sheaf) L such that the r th tensor power L ⊗r is isomorphic to the cotangent bundle ω X . And the compactification of the moduli of smooth spin curves uses stable spin curves. These consist of a stable curve X and a rank-one torsion-free sheaf which is almost an r th root of the canonical (relative dualizing) sheaf. This is made precise in Definition 2.2.2.
The moduli of spin curves provides a finite cover of the moduli of curves, distinct from the moduli of curves with level-r structure. Nor is it the same as some of the other non-Abelian level structures that have been studied recently by Looijenga [24] and Pikaart-de Jong [28] .
These moduli spaces are especially interesting because of a conjecture of E. Witten relating the intersection theory on the moduli space of r-spin curves and Gelfand-Dikii hierachies of order r [34, 35] . This conjecture is a generalization of an earlier conjecture of his, which has been proved by Kontsevich (see [21, 22] and [23] ). In particular Witten conjectures that the moduli spaces should have some Chern class C D , that behaves somewhat like a virtual fundamental class, and when this class is integrated against various other tautological classes (gravitational descendents), the generating function for the resulting numbers is a solution to the order-r Gelfand-Dikii (generalized KdV) hierarchy.
Construction of the moduli space S gr , and its compactification S gr , was done in [4] for r = 2 and in [17] for all r ≥ 2. This article focuses primarily on two questions: first, describe the irreducible and connected components of S gr and S gr ; and second, describe the Picard group of S gr and S gr .
The main results are given in Theorems 3.3.1 and 4.3.3. Theorem 3.3.1 completely answers the first question; namely, it guarantees that when r is odd, S gr is irreducible, and when r is even, S gr is the disjoint union of two irreducible components.
The second question-how to describe the Picard group-is not so easily answered, but Theorem 4.3.3 gives some significant relations among elements of the Picard group, and it generalizes the results of Cornalba in [4] and [5] . One remarkable consequence of Theorem 4.3.3 is existence of torsion elements. Whenever 2 or 3 divides r there are torsion elements in Pic S gr . This is in stark contrast to the case of Pic M g , and Pic M g , which are known to be free [2] . In Section 3 we treat the moduli spaces themselves. In 3.1 we cover basic properties of the moduli space (existence, projectivity and relations between the moduli spaces). And in 3.3 we treat the question of irreducibility. In particular, using a characterization due to Sipe [30] of r-spin structures on a given curve as splittings of the Gysin sequence for the punctured Tangent bundle, and using Hain's results [12] on the Torelli group, we study the monodromy action on the set of r-spin structures of a given curve. When r is odd, this action is transitive, and hence the moduli of r-spin curves is irreducible. It is well-known (see [27] or [4] ) that S g2 is the disjoint union of two irreducible components. And when r is even, the morphism [⊗r/2] : S gr → S g2 of Section 3.2 shows that S gr must be the disjoint union of two pieces. But we show that monodromy acts transitively on the fibres of the morphism, showing that S gr is actually the disjoint union of two irreducible components. These results are then used to show that S gr is irreducible in any characteristic.
The irreducibility results of Section 3.3 are actually proved for spin curves over a general, n-pointed curve. This will allow us to conclude later that the boundary divisors defined in Section 4.2.2 are irreducible.
In Section 4 we treat the Picard group of the moduli spaces S gr and S gr . The Picard group that we will work with in this paper is the Picard group of the moduli problem, as defined in [26] or [16] . The definition of the Picard group is given in Section 4.1, and the definitions of the boundary divisors and the tautological elements of Pic S gr are given in Section 4.2. Following Cornalba, we show in Section 4.2.3 that the boundary divisors and the Hodge class are independent in Pic S gr . This turns out to be a useful step toward showing that torsion exists in Pic S gr .
Finally, in Section 4.3 we compute the main relations between elements of the Picard group, and we show some of the consequences of those relations. The general results are given in Theorems 4.3.3 and 4.3.3.bis, and some special cases of those results are given in Corollary 4.3.5. In the special case that r = 2, these results agree with those of [4] and [5] .
The most striking consequence of Theorem 4.3.3 is the existence of torsion in Pic S gr when 2 or 3 divides r. In particular, Proposition 4.3.14 shows that when 2 divides r, Pic S gr has 4-torsion, and when 3 divides r, Pic S gr has 3-torsion.
Previous
Work. The Picard group of the moduli space of curves is now fairly well understood, thanks primarily to the work of Arbarello-Cornalba [2] and Harer [13] . Most of the progress toward understanding the Picard group of the moduli of 2-spin curves is due to Cornalba [4, 5] and Harer [14] . Section 4.3.1 on relations between classes in the Picard group is strongly motivated by Cornalba's work in [4] and [5] .
P. Sipe has studied specific families of smooth r-spin curves [31, 30] , and the stabilizer G g,r of r-spin curves under the action of the Teichmüller modular group Γ g [30, 32] . She showed that this is a normal subgroup of finite index, and that the quotient Γ g /G g,r is an extension of the symplectic group SP 2g (Z/rZ) by (2Z/rZ) 2g . C. J. Earle and P. Sipe [8] have also studied families of r-spin curves over a punctured disc and the monodromy of such families.
In [17] I constructed three different compactifications of the moduli of r-spin curves, and showed them all to be algebraic. The best-behaved of these compactifications is the moduli of what was called pure r-spin curves in [17] , but which will be called stable r-spin curves or just r-spin curves in this article.
1.3.
Conventions and Notation. Except where otherwise indicated, we will work over the complex numbers C. Also unless otherwise stated, both r and g will be fixed positive integers. By a curve we mean a reduced, complete, connected, one-dimensional scheme over C. A semi-stable curve of genus g is a curve with only ordinary double points such that H 1 (X, O X ) has dimension g. And an npointed stable curve is a semi-stable curve X together with an ordered n-tuple of non-singular points (p 1 , . . . , p n ), such that at least three marked points or double points of X lie on every smooth irreducible component of genus 0, and at least one marked point or double point of X lies on every smooth component of genus one. A family of stable (or semi-stable) curves is a flat, proper morphism X → T whose geometric fibres X t are (semi) stable curves. Irreducible components of a semi-stable curve which have genus 0 (i.e., are isomorphic to P 1 ) but which meet the curve in only two points will be called exceptional curves.
By line bundle we mean an invertible (locally free of rank one) coherent sheaf. By canonical sheaf we will mean the relative dualizing sheaf of a family of curves f : X → T , and this sheaf will be denoted ω X /T . Note that for a semi-stable curve, the canonical sheaf is a line bundle. When T is Spec C, we will often write X for X , and ω X for ω X/T .
Spin Curves

Smooth Spin Curves.
2.1.1. Definitions. Fix positive integers r, g with the property that r divides 2g − 2. We define a smooth r-spin curve to be a pair (X, L) of a smooth curve X of genus g and a line bundle L such that the r th tensor power of L is isomorphic to the canonical bundle ω X of X; that is, L ⊗r ∼ = ω X . For a given X, any L making (X, L) into a spin curve will be called an r-spin structure. Families of smooth r-spin curves are pairs (X /T, L) of a family X /T of smooth curves, and a line bundle L which induces an r-spin structure on each geometric fibre of X /T . And for a fixed curve X, the set S gr [X] of all r-spin structures on X is a principal homogeneous space over the r-torsion Jac r X of the Jacobian of X; thus it has r 2g elements in it.
Similarly, for any choice of m = (m 1 , m 2 , m 3 , . . . , m n ), such that r divides 2g − 2 − m i , we define an n-pointed r-spin curve as a triple (X, (p 1 , p 2 , . . . , p n ), L) such that (X, (p 1 , p 2 , . . . , p n )) is a smooth, n-pointed curve, and L ⊗r is isomorphic to ω X (− m i p i ). Families of n-pointed r-spin curves are defined analogously.
Let S gr denote the moduli space of smooth r-spin curves of genus g. And let S nm gr denote the moduli of n-pointed spin curves (for a given m). The sets S gr [X] and S nm gr [X], as defined above, are just the fibres of S gr , or S nm gr over the point corresponding to X in the moduli of smooth curves M g , or in the moduli of smooth n-pointed curves M n g , respectively.
Examples.
Example 1: r = 2. A 2-spin curve is what has classically been called a spin curve, and the line bundle L corresponds to the choice of a theta characteristic on X.
Example 2: g = 1, r ≥ 2.
If n ≥ 1 and m = 0 then an n-pointed r-spin curve of genus 1 is just a choice of a point of order r on the curve. However, the automorphisms of the underlying curve identify some of these r-spin structures. In particular, when n = 1 and r is odd, the elliptic involution acts freely on all the non-trivial r-spin structures, thus there are only 1 + (r 2 − 1)/2 isomorphism classes of r-spin structures on the generic 1-pointed curve of genus 1.
Example 3: r > 2. Fix positive integers d and n such that d divides n + 1.
Let X be the normalization (at infinity) of the curve defined by the equation y d = x n − 1. The projection π : (x, y) → x taking X to P 1 is ramified to order d over each of the roots of unity and over the point at infinity. Let p 0 be the point over infinity and let {p i } n i=1 denote the points over the roots of unity. The function π shows that in the divisor class group we have dp i = dp j for any i and j. And the second projection γ : (x, y) → y shows that np 0 = n i=1 p i . Since d divides nd − n − d − 1 = 2g − 2, the Riemann-Hurwitz formula shows that the genus g of X is 1 2 (n − 1)(d − 1), and that the canonical divisor of X is K = (2g − 2)p i for any i. Moreover, a simple computation shows that for any a, we have ap i = ap j if and only if either d divides a or i = j.
Consequently, if s := (2g − 2)/r, we have n + 1 roots of K of the form sp i . And when d does not divide s, these are all distinct. Of course, any other r th root of K can be produced by adding one of these roots to an r-torsion point of the Jacobian of X. Another method for expressing the r-spin structures on a curve will be given in Section 3.3.
Stable Spin Curves.
To compactify the moduli of spin curves, it is necessary to define a spin structure for stable curves. To do this we need not just line bundles on stable curves, but rather rank-one torsion-free sheaves over stable curves. Some additional structure, as given in Definition 2.2.2, is also necessary to ensure that the compactified moduli space S nm gr is separated.
Definitions.
To begin we need the definition of torsion-free sheaves. Definition 2.2.1. A relatively torsion-free sheaf (or just torsion-free sheaf) on a family of stable or semi-stable curves f : X → T is a coherent O X -module E that is flat over T , such that on each fibre X t = X × T Spec k(t) the induced E t has no associated primes of height one.
We will only be concerned with rank-one torsion-free sheaves. Such sheaves are called admissible by Alexeev [1] and purely dimensional by Simpson [29] . Of course, on the open set where f is smooth, a torsion-free sheaf is locally free. Definition 2.2.2. A stable spin curve is a triple (X, E, b) consisting of a stable curve X, a rank-one torsion-free sheaf E, and a map b from the r th tensor power E ⊗r to the canonical bundle ω X , with the following properties:
The map b is an isomorphism except where the sheaf E fails to be locally free (a singularity of E). 3. The length of the cokernel of the map b at any singular point of E is exactly r − 1.
Stable n-pointed spin curves are defined in an analogous way over the Mumford-Knudsen moduli space M n g of stable n-pointed curves. Definition 2.2.3. Families of stable spin curves are triples (X /T, E, b), where X /T is a family of stable curves over T , and E is a rank-one torsion-free sheaf on X /T , and b is an O X -homomorphism E ⊗r → ω X /T that induces a stable spin curve on every fibre over a closed point of T . Moreover, families are subject to the following additional technical restriction. This restriction is somewhat difficult to motivate here, but it guarantees that the stack is smooth, and it greatly facilitates computations later (especially the proof of Theorem 4.3.8). Also, see [17] for more motivation and a thorough discussion of the implications of this restriction.
The restriction has two parts: first, wherever E fails to be locally free, the singularities of X /T must be analytically isomorphic to one of the form Spec (Ô T,t [[x, y]]/xy − τ r ), with τ inÔ T,t . For the second part, note that it is easy to show (as in Section 2.2.3) that any singularity of a spin curve determines two integers u and v such that u + v = r, the second restriction is that E must be generated by two elements, say ν and ξ, with the relations xν = τ v ξ and yξ = τ u ν. In the notation of Faltings [9] this means E is locally an E(τ v , τ u ). Such families are called pure spin curves in [17] , but will be called spin curves in this paper. 
→ ω X /T and the maps b ′ , and b. In other words the following diagram commutes:
Alternate Description of Stable Spin Curves. The following characterization of spin curves in terms of line bundles on a partial normalization of the underlying curve is very useful and helps illustrate the nature of stable spin curves. Consider a partial normalization π :X → X of a fixed stable curve X/Spec C, with π −1 (q i ) = {q + i , q − i } the inverse images of the singular points q i . Assume also that integers u i ∈ (0, r) and v i ∈ (0, r) are given for each normalized singularity such that u i + v i = r, and consider an r th root L of the line bundle π * ω X ⊗ OX (− (
Of course for such an L to exist, u i and v i must be chosen to make the degree of the r th power of L divisible by r. From this r th root and partial normalization, we can create an r-spin structure on X by taking E = π * L, and by taking for b the map induced by adjointness from the composite
Conversely, it is straightforward to see that given an r-spin structure (X, E, b), the process of normalization at the singularities of E, pulling E back to the normalization, and annihilating (i.e., quotienting out) torsion gives a line bundle L and a choice of u i and v i , as above, from which the spin structure can be reconstructed.
Thus a choice of partial normalization, with suitable choice of integers u i and v i and an r th -root line bundle L, as above, is equivalent to a choice of spin structure on X.
When the spin structure has no singularity (i.e., is locally free) at a singularity of the underlying curve, we will often say that u = v = 0. This corresponds to E. Witten's definition of the Ramond sector of topological gravity [35, 34] . Whereas, when u and v are non-zero, the spin structure is what Witten calls a generalized Neveu-Schwarz sector. Example 1: Two irreducible components and one node.
First consider a stable curve X with two smooth, irreducible components C and D, of genus k and g−k respectively, meeting in one double point p. In this case there exists a unique choice of u and v that makes the degree of π * ω X (−up
by r on both components. And the resulting spin structures are locally free (Ramond) if and only if ω X has an r th root, which is to say, if and only if u and v can be chosen to be 0, or 2k − 1 ≡ 0 (mod r). If 2k − 1 ≡ 0 (mod r) then the resulting (Neveu-Schwarz) spin structure corresponds to an r th root of ω C (−(u−1)p + ) on C and an r th root of ω D (−(v−1)p − ) on D. This spin structure corresponds to an element ((C,
. Thus the Neveu-Schwarz sectors obey something like the splitting axiom of quantum cohomology, but the Ramond sector does not.
Example 2: One irreducible component and one node.
The second example is given by an irreducible stable curve X with one node. In this case there are r different choices of u and v that permit spin structures: either u = v = 0, in which case the resulting spin structure is locally free (Ramond); or u ∈ {1, . . . , r − 1} and v = r − u, in which case the resulting spin structure is not locally free (Neveu-Schwarz). In this second case, the r-spin structure on X corresponds to an r th root of the bundle ωX (−(u − 1)p + − (v − 1)p − ), and thus to an element of S .
The Moduli Spaces
Definitions and basic properties.
In [17] it is shown that (unpointed) stable spin curves form a smooth algebraic (Deligne-Mumford) stack over Z[1/r], compactifying the stack of smooth spin curves. In particular, this stack is proper over the stack of stable curves and contains smooth spin curves as an open dense substack. Moreover, the proofs of [17] easily generalize to the case of stable npointed spin curves to show that they also are represented by a smooth algebraic stack, proper over the stack of stable curves.
As before, S nm gr and S nm gr will indicate the moduli space of smooth and stable spin curves, respectively. And M n g and M n g will indicate the moduli spaces of smooth and stable curves. Since the stacks are all algebraic, they have coarse moduli spaces which are a priori only algebraic spaces [19, Corollary 1.3.1]. But it is straightforward to see that in our case, the moduli spaces are actually projective schemes. −−→ S gs defined by (X, L) → (X, L ⊗d ). And in the case that d and s are relatively prime, S gr is actually a product
This follows from the fact that on one hand, the obvious maps S gr → S gs and S gr → S gd induce a map from S gr to the product. And on the other hand, the inverse of this map can be constructed as ((X, L), (X, M)) → (X, L ⊗a ⊗ M ⊗b ), where ad + bs = 1. It is not difficult to check that this map does not depend on the specific choice of a and b, and so is well-defined.
Unfortunately, the map [⊗d] cannot be extended (as a separated morphism) to the boundary of the moduli space. This is due to the fact that when s divides both u and v, the corresponding r th root is Neveu-Schwarz. And although its d th power completely determines another sheaf on X, that sheaf is Neveu-Schwarz and is not an s th root because all s th roots with u ≡ v ≡ 0 (mod s) must be Ramond. That is to say, they must be line bundles and not just torsion-free sheaves. In particular, to use the induced torsion free sheaf to define a line bundle that is an s th root, one must also choose an s th root of unity to determine how the two branches of the induced sheaf are glued together to make the line bundle. Thus there are s distinct points of S gs that would all have to lie in the image of one point of S gr .
3.3. Irreducibility of the moduli space. In the special case when r is 2, it is known (see [4] or [27] ) that S g2 is the disjoint union of two irreducible components, S even g2 and S odd g2 , corresponding to the even and odd theta characteristics, respectively. Similar results are true for general r, n, and m. The first of these two propositions are generalizations of their classical counterparts when n = 0, and the third is a generalization of results of Sipe [30] and Hain [12, §13] . 
The proof of Proposition 3.3.2 is an easy generalization of Mumford's proof [27, Section 1] of the corresponding result when n = 0. Mumford's idea is to take a divisor D of high degree and make a quadratic form q on H 0 (X, E(D)/E(−D)). Then we can express H 0 (X, E) as the intersection of two maximal q-isotropic subspaces and use the fact [10, pp. 735ff] that the dimension (mod 2) of such an intersection is constant under deformation.
Similarly, the proof of Proposition 3.3.3 is an easy generalization of Cornalba's proof [4, Lemma 6.3] of the corresponding result when n = 0. Cornalba's idea is to check the result explicitly for the cases g = 1 and g = 2 (i.e., write out all of the square roots of the canonical bundle-or in our case, the square roots of the bundle ω(− m i q i )). And then one can use induction and a degeneration argument to reduce to the lower genus case. This argument works just as well for our case, except that in the case of g = 1 and g = 2, all of the m i must be even to write out the square roots in the form needed to see that monodromy acts transitively on the even (respectively, odd) square roots.
To prove Theorem 3.3.4, we need to further study the action of the mapping class group on the fibres of S nm gr over M n g . In particular, note that if Γ n g is the (pure) mapping class group for n-pointed curves, and if Jac r X is the group of r-torsion points in the Jacobian of a fixed curve X ∈ M n g , then the group Γ n g acts on the principal homogeneous Jac r X-space S nm gr [X] in a way compatible with the usual action of Γ n g on Jac r X. The monodromy action induces a homomorphism from Γ n g into the group of affine (with respect to Jac r X) invertible transformations A of S nm gr [X]. And we have the following diagram:
Here the horizontal sequence is exact, and the map T simply takes an element η to the automorphism that translates by η. Of course, since the mapping class group preserves the intersection product on H 1 (X, Z), the image of Γ n g in GL 2g (Z/rZ) is a subgroup of the symplectic group SP 2g (Z/rZ). And it is well known (see, for example [25, pg. 178] ) that the image of Γ n g is all of SP 2g (Z/rZ). We are especially interested in the elements of Γ n g which act trivially on the homology H 1 (X, Z). The subgroup of all such elements is called the Torelli group, and the main step in the proof of Theorem 3.3.4 is the following lemma. Lemma 3.3.5. The image of the Torelli group in the group of translations is the subgroup of Jac r X generated by the set {2, m 1 , m 2 , . . . , m n }. More exactly, if E is the image of Γ n g in A, then we have the following exact sequence.
The lemma implies Theorem 3.3.4 (transitivity of the monodromy action) in the case that r or one of the m i is odd. And on the other hand, if r and all of the m i are even, then the map S nm gr [X]
is equivariant under the action of the mapping class group, and any two spin structures L and M that map to the same point of S nm g2 must differ by a point of 2 · Jac r X. Therefore, the orbits of the action of 2 · Jac r X, and hence also the orbits of the action of Γ n g , are exactly the fibres of this map. Thus all that is necessary for the proof of Theorem 3.3.4 is to prove the lemma. The proof generalizes and expands ideas from the results of Hain [12, §13] and Sipe [30] .
Proof. It is convenient to dualize and study the action on the r th roots of the bundle L := T X( m i p i ), where T X is the tangent bundle to X, rather than studying the r th roots of the bundle ω X (− m i p i ). Let L o denote the S 1 -bundle, obtained by removing the zero section from L and retracting to the unit circle in each fibre. The Euler class of L o is 2 − 2g + m i and is divisible by r, so the end of the Gysin sequence gives a short exact sequence
If σ : [0, 1] → X is a loop in X that does not pass through any of the n points p i , then there is a canonical lift of σ to a loopσ in L o , which is defined asσ(t) = σ(t),σ (t) ||σ(t)||
. Note that for any small loop λ, homotopic to zero, which does not pass through any of the p i , the liftλ corresponds to 1 or −1 in the group Z/rZ on the left side of the Gysin sequence (1). Given any r th root N of L, there is a natural covering map of S 1 -bundles p : N o → L o , which induces a map π 1 (L o ) → π 1 (L o )/p * π 1 (N o ) ∼ = Z/rZ, and thus a homomorphism H 1 (L o ) → Z/rZ. Moreover, this map takes a liftλ of a small loop λ, homotopic to zero in X, and maps it to ±1. In other words, the r th root induces a splitting of the Gysin sequence. Conversely, given any such splitting, there is a covering space of L o that can easily be seen to define an r th root of L. In particular, we have the following fact, originally due to Sipe [30] in the case when n = 0. We will compute the action of certain elements of Γ n g on H 1 (L o , Z/rZ). Choose a basis for H 1 (L o , Z/rZ) in the following way. First take an explicit choice of cycles B 1 , B 2 , . . . , B 2g which form a basis of H 1 (X, Z/rZ), and such that for all i, j, k, the intersection form < B i , B i+1 >= 1, and < B j , B k >= 0 if k is not j + 1 or j − 1. An example of such a collection of cycles is depicted in Figure 1 .
We also insist that none of these cycles contain any of the n marked points of X. Now lift these basis cycles in the usual way toB 1 , . . .B 2g . As before, take a small loop λ, which does not pass through any of the p i and is homotopic to zero, and lift it toλ. Now the set {B 1 , . . . ,B 2g ,λ} gives a basis for H 1 (L o , Z/rZ), and it Figure 2 . A bounding pair of simple closed curves, separating X into X 1 and X 2 of genus g 1 = 1 and g 2 = 2 respectively, and containing the marked points p i1 , . . . , p im and the points p j1 , . . . , p jn−m , respectively. defines a splitting of the sequence (1) . Any other splitting is given by simply adding this splitting map H 1 (X) → H 1 (L o ) to an element of H 1 (X, Z/rZ) ∼ = Jac r X. And given a splitting induced by {B 1 , . . . ,B 2g ,λ}, we will index the remaining r th roots by the corresponding 1-cocycle.
Given any simple closed curve γ on X that misses the marked points {p i } n i=1 , there is a corresponding Dehn twist T γ that is an element of Γ n g . Using the Picard-Lefschetz Theorem [36] , one can show (see, for example [30, Proposition 3.1]) that the action of T γ on the liftσ to L o of a cycle σ on X is given by the following generalized Picard-Lefschetz formula.
In particular, the action of T γ onλ is trivial. Now consider a cycle consisting of a bounding pair of simple closed curves γ 1 +γ 2 in X which separate X into two surfaces X 1 and X 2 . Assume these two surfaces are of genera g 1 and g 2 , respectively, and assume that the points p i1 , . . . , p im are in X 1 , and the remaining points are in X 2 as in Figure 2 . If the cycles γ 1 and γ 2 have non-trivial intersection number with B i , then < B i , γ 1 >=< B i , γ 2 >, and the 0 1 Figure 3 . A singular vector field, which when joined to 2g 1 other such pieces, defines a singular vector field in L o , homeomorphic to X 1 . Removing a small disc near each singularity gives a 2chain in L o with boundaryγ 1 +γ 2 plus 2g 1 − pi k ∈X1 m i k 1-cycles homologous toλ.
generalized Picard-Lefschetz formula (2) gives
Moreover, the cycle γ 1 + γ 2 is homologous to zero, and so in H 1 (L o , Z/rZ) the cycleγ 1 +γ 2 is an integral multiple-say a γ1+γ2 -ofλ. Thus the action induced by T γ1 • T γ2 on the set of r th roots of L is simply the one that translates H 1 (X, Z/rZ) by the cocycle that takes B i to a γ1+γ2 · < B i , γ 1 >.
We need, therefore, to compute a γ1+γ2 . To this end, we define a 2-chain in L o using, as in [30, Proposition 3.2], a singular unit vector field on X 1 . To obtain this vector field, simply glue together 2g 1 copies of the field represented in Figure 3 to make a Riemann surface homeomorphic to X 1 .
Cutting out a small disc around each point where the vector field is singular, we obtain a surface in the unit tangent bundle T X o bounded byγ 1 ,γ 2 , and 2g 1 cycles homologous toλ. If we consider the vector field as a section of L o instead, singularities at the marked points p i k do not require the removal of the corresponding discs, and the 2-chain in L o is bounded byγ 1 ,γ 2 , and by 2g 1 − pi k ∈X1 m i k cycles homologous toλ. Thus the action induced by T γ1 • T γ2 on the set of r th roots of L is translation by the cocycle that takes B i to
It is easy to see that for any basis cycle B i , for any integers g 1 and g 2 that sum to g − 1, and for any subset {p i k } of the marked points, there is a bounding pair γ 1 and γ 2 that are each dual to B i , and which cut X into two surfaces X 1 and X 2 of genera g 1 and g 2 respectively. Moreover, this can be done so that X 1 contains the points {p i k }, and X 2 contains the remaining marked points. Thus the action of Γ n g on the r th roots of L includes all translations by elements in the subgroup < 2, m 1 , . . . , m n > in the cohomology group H 1 (X, Z/rZ).
Since the Torelli group is generated by Dehn twists on bounding pairs, as above, and by Dehn twists on separating simple closed curves [18] , all that remains in the proof of the lemma is to show that Dehn twists along separating simple closed curves act trivially on S nm gr [X]. But this follows immediately from the generalized Picard-Lefschetz formula (2) and the fact that the intersection of a separating simple closed curve with the A i or B i is zero. This completes the proof of the lemma and also the proof of Theorem 3.3.4. is easily computed as the number of even, respectively odd, theta-characteristics times the order of the group 2 · Jac r X. And it is known [4] that of the 2 2g square roots of ω X , 2 g−1 (2 g + 1) are even, and 2 g−1 (2 g − 1) are odd; so there are r 2g (1/2 + 1/2 g+1 ) even elements in S gr and r 2g (1/2 − 1/2 g+1 ) odd. Proof. The proof is essentially the same as for the case of M g , but we will sketch the main steps.
First It is well-known and straightforward to prove [33, Lemma2.3] that an algebraic stack is irreducible or connected if and only if its coarse moduli space has the same property. And by Theorem 3.3.1, the assertion of Theorem 3.3.9 holds for the moduli space S nm gr over C, and hence it holds also for the stack S nm gr over C.
Consequently the assertion must hold over all algebraically closed fields. And in the odd case (i.e., (2, r, m 1 , . . . , m n ) = 1) the moduli space S nm gr must be irreducible over any field. 4. Picard group of S gr 4.1. Definitions. By the term Picard group we mean the Picard group of the moduli functor; that is to say, the Picard group is the group of line bundles on the stack. By a line bundle L on the stack S gr , we mean a functor that takes any family of spin curves Q = (X /S, E, b) in S gr and assigns to it a line bundle L(Q) on the scheme S, and which takes any morphism of spin curves f : Q/S → P/T and assigns to it an isomorphism of line bundles L(f ) : L(Q) ∼ − → f * L(P), with the condition that the isomorphism must satisfy the cocycle condition (i.e., the isomorphism induced by a composition of maps agrees with the composition of the induced isomorphisms). The groups Pic S gr , Pic M g , and Pic M g are defined similarly. For more details on Picard groups of moduli problems see [16, pg. 50] or [26, §5] .
Basic Divisors and Relations.
The Tautological Bundles.
Recall that the definition of the Hodge class λ in Pic M g is the following: for any family of stable curves π : X → S, the Hodge class λ(X /S) is the determinant of the Hodge bundle (the push-forward of the canonical bundle)
λ(X /S) := det π ! ω X /S = ∧ g π * ω X /S .
It is well-known that Pic M g is the free Abelian group generated by λ (c.f. [2] ).
In a similar way we define a bundle µ in Pic S gr as the determinant of the spinstructure bundle. In particular, if Q = (π : X → S, E, b) is a stable spin curve, then
Boundary Divisors
Induced from M g . In addition to λ and µ, there are elements of Pic S gr that arise from the boundary divisors of S gr . Recall that the boundary of M g consists of the divisors δ i where i ∈ {0, . . . , ⌊g/2⌋}. Here, when i is greater than zero, δ i is the closure of the locus of points in M g corresponding to stable curves with exactly one node and two irreducible components, one of genus i and the other of genus g − i. And when i is zero, δ 0 is the closure of the locus of points corresponding to irreducible curves with a single node.
As we saw in Example 1 of Section (2.2.3), for any curve X with exactly one node and two irreducible components of genera i and g − i, there is a unique choice of integer u(i) between 0 and r − 1 that determines a bundle W whose r th roots define the spin structures on X. If 2i ≡ 1 (mod r), then u(i) = v(i) = 0 and the bundle W is just the canonical bundle W = ω X . In this case all the spin structures on X are locally free. If on the other hand, 2i ≡ 1 (mod r), then there is a unique choice of u(i) with r > u(i) > 0, and such that 2i − 1 − u(i) ≡ 0 (mod r). In this case v(i) = r − u(i), and W is not a line bundle on X, but rather a line bundle on the normalization ν :X → X at the node q. If ν −1 (q) = {q + , q − }, then
In this case the spin structures on X are constructed by pushing the r th roots of W onX down to X, i.e., using the r th roots of W on the irreducible components to make a torsion-free sheaf on the curve X. By Theorem 3.3.4, monodromy restricted to this locus acts transitively on the r th roots (or on the sets of even and odd roots) of ωX(−u(i)q + − v(i)q − ), so that if r is odd, there is one irreducible divisor α i lying above δ i for i greater than zero. And when r is even, there are four divisors lying over δ i . Namely, since r is even, u must always be odd, and thus the spin structures on X are not locally free, but rather are determined by r th roots of W onX. Following the notation of Cornalba [5] let α even i denote the class in Pic Over a stable curve in δ 0 there are several distinct choices of spin structure. Indeed, as we saw in Example 2 of Section (2.2.3), for any choice of weighting u > 0 and v > 0 such that u + v = r (associated to the two points in the inverse image of the node via the normalization of the underlying curve), there is again a unique bundle W u = ωX (−uq + − vq − ) so that any r th root of W u gives a Neveu-Schwarz spin structure on the underlying curve. Furthermore, letting u = v = 0 and W 0 = ω X , any r th root of W 0 defines a Ramond spin structure on X. And conversely, any spin structure comes from an r th root of one W u for 0 ≤ u < r. Again monodromy acts transitively on the roots associated to a particular choice of u. Thus when r is odd, we have (r − 1)/2 distinct classes γ j over δ 0 . Here j corresponds to the smaller of u and v. And when r is even we have r/2 classes γ even j and r/2 classes γ odd j , corresponding to the even and odd r th roots of W j , respectively.
To simplify notation, when the meaning is clear or unless otherwise specifically stated, we will use S • gr or just S gr to mean any one of S gr , S even gr or S odd gr . Similarly, α i , β i , and γ i will all indicate their appropriate counterparts in Pic S • gr . Also, if i = g/2 we will let β odd i = 0, and when r is odd, all the β i will be zero. Pullback along the forgetful map S • gr → M g induces a map from Pic M g to Pic S
• gr . And it is clear that the image of the boundary divisors (which we will still denote by δ i regardless of whether we are working in Pic M g or Pic S gr ) is still supported on the boundary of S gr , and indeed, for i greater than one, δ i is a linear combination of α i and β i . Similarly, δ 0 is a linear combination of the γ j 's.
The boundary divisors in S gr induced from those in M g are as follows:
And
Proof. In [17, 5.4.4] it is shown that the universal deformation of a spin curve with underlying stable curve in δ i is dependent only upon whether the spin structure is locally free or not; and if i is greater than zero, this depends only upon i; namely, spin curves lying over δ i have locally free spin structure if and only if r divides 2i − 1. Over δ 0 , however, the spin structure is locally free only for spin curves in γ 0 . In either case, if the spin structure is locally free, then the universal deformation is analytically isomorphic to the universal deformation of the underlying curve. In particular, the forgetful map S gr → M g is unramified along α i and β i (or γ j ). If, on the other hand, the spin structure is not locally free, then the forgetful map on the universal deformation is of the [4] , and so will just be sketched here. Proof. The method of proof in [4] is simply to recall from [2] that there are families of stable curves X /S, with S a smooth and complete curve, such that the vectors (deg S λ, deg S δ 0 , . . . , deg S δ ⌊g/2⌋ ) are independent. After suitable base change, one can install a spin structure on the families in question, and since the effect of base change is to multiply the vectors' entries by a constant, the vectors are still independent, and thus the elements λ and δ i are all independent in Pic S gr .
J. Kollár pointed out to me the following alternate proof: Note that the stacks in question are both smooth. Thus the result follows from the fact that for any finite cover f : X ′ → X of a normal variety X and for any line bundle L on X, the line bundle f * f * L is a multiple of L (c.f., [11, 6.5.3.2] ). In other words, for some n we have f * f * L = L ⊗n .
But since the Picard group of M g has no torsion, the pullback of any line bundle to S gr cannot be trivial. Proof. Again the idea is to install a spin structure on a family of curves X /S over a smooth, complete curve, where the degrees of λ, and the δ i are known. In particular, given two curves S and T of genera i and g − i, respectively, fix t ∈ T and let s vary in S. Consider the family X /S constructed by joining the two curves at the points s and t [16, §7] . Then the degrees of λ and δ j are all zero on S, except when j = i, and then deg S δ i = 2 − 2i. We can construct an r th root of ω S (−u(i)s) on S and an r th root of ω T (−v(i)t) on T , and thus an r-spin structure on X /S. Moreover, the two r th roots can be chosen to be either even or odd as desired (provided r is even), and thus X /S can be endowed with a spin structure of type α i or β i along every fibre. Thus either the degree of β i or α i on S is zero, but deg S δ i = 0 implies that deg(α i + β i ) is non-zero. Consequently, in any relation of the form 0 = ℓλ + a i α i + b i β i + c i γ i , the coefficients a i and b i must all vanish. And thus a relation must be of the form 0 = ℓλ + c i γ j . But a similar method shows that the coefficients c i must also be zero. In particular, consider the family Y/C constructed by taking a general curve C of genus g − 1 and identifying one fixed point p with another, variable point q [16, §7] . Again one may produce an even and an odd r-spin structure on Y/C of type γ j for any j. And deg C λ = deg C γ k = 0 whenever k = j, but deg C δ 0 = deg C γ 0 + r 1≤j≤r/2 deg C γ j is equal to 2 − 2g, which is non-zero. Thus c j = 0, and so also ℓ = 0.
Less-Obvious Relations and Their Consequences.
Another important question about these bundles is what relations exist between the bundles µ, λ, and the various boundary divisors. In this section we will find a partial answer.
Main Relation.
The main result of this section is Theorem 4.3.3, which provides relations between µ, λ, and some boundary divisors. The proof will be given in Section 4.3.2. To state the result we need the following definitions. Motivation for the somewhat-peculiar notation will be made clear in the following section. 
Theorem 4.3.3.bis. In terms of the notation defined above, the following relation holds in Pic S gr :
The proof of Theorem 4.3.3 will be postponed until the next section. The proof of Theorem 4.3.3.bis is a straightforward, but tedious calculation, accomplished simply by writing out the definitions of all of the different terms, and applying Theorem 4.3.3.
The main thing to note about the relations of Theorems 4.3.3 and 4.3.3.bis is that they hold in Pic S gr and not just in Pic S gr ⊗ Q-that is to say, not just modulo torsion.
We also have the following immediate corollaries: Note that in the case when r = 2, the relation 4λ+8µ = γ 0 is exactly the content of Theorem (3.6) in [5] .
Proof of the Main Relation and Some Other Relations.
Although some of the proof of Theorem 4.3.3 resembles that of Theorem (3.6) in [5] , the proof of Theorem 4.3.3 requires many involved calculations for the case r > 2 that do not arise when r = 2.
To accomplish the proof without annihilating torsion elements, we need some tools other than the usual Grothendieck-Riemann-Roch; in particular, we'll use the following construction of Deligne [6] . 
Here, as earlier, det f ! L indicates the line bundle (det R 0 f * L) ⊗ (det R 1 f * L) −1 . Deligne shows that this operation is symmetric and bilinear. It is also straightforward to check that when the base S is a smooth curve then the degree on S of the Deligne product < L, M > is just the intersection number of L with M; that is to say, if (−.−) is the intersection pairing on X , then deg S < L, M >= (L.M).
Using this notation, and writing ω for the canonical bundle of X /S, Serre duality takes the form
Cornalba, using bilinearity and duality, proves the following variant of Grothendieck-Riemann-Roch that holds with integer, rather than just rational coefficients. Lemma 4.3.7 (Cornalba [5] ). Let f : X → S be a family of stable curves, and let L be any line bundle on X /S. If ω denotes the canonical sheaf of X /S, then
We also need some additional line bundles associated to a family of r-spin curves (X /S, E, b) that intuitively amount to measuring the difference between E and a "real" r th root of the canonical bundle. To construct these bundles we first recall from [17] some canonical constructions related to any r-spin curve Q = (X /S, E, b).
There is a semi-stable curve π :X E → X , uniquely determined by X and E. Oñ X , there is a unique line bundle OX (1), and a canonically-determined, injective map β : OX (1) ⊗r → ωX /S , so that the stable model ofX is X , the push forward ν * OX (1) is E, and the map b is induced from β by adjointness. Moreover, the degree of OX (1) is one on any exceptional curve in any fibre.
To simplify, we will denote OX E (1) byẼ. And we define a new bundle E by E = ωX ⊗Ẽ ⊗−r .
The advantage of using E is that it is completely supported on the exceptional locus, and thus it is easy to describe explicitly, and its Deligne product with other line bundles onX easy to compute. As in [5] we compute various combinations of the different bundles in terms of their classes in the Picard group. To begin our computations, we prove that the definition of < E, E > given at the beginning of Section 4.3.1 corresponds with the element of Pic S gr defined by the Deligne product. And similar techniques allow us to show that the Deligne product of the canonical bundle with E is trivial. A number of corollaries follow, and Theorem 4.3.3 is a direct consequence of those corollaries. Proof. For X smooth, E is canonically isomorphic to O, and thus in the smooth case, <Ẽ, E > and < ωX , E > are trivial.
In the general case these products are all integral linear combinations of boundary divisors. To compute the coefficients we evaluate degrees on families of curves X /S parameterized by a smooth curve S and having smooth generic fibre. In this case, since E is supported on the exceptional locus ofX , whereas the canonical bundle has degree zero on the exceptional locus, the product < ωX , E > must be trivial.
Computing the coefficients of <Ẽ, E > requires that we consider the local structure of E near an exceptional curve. Any singularity of X /S is analytically isomorphic to one of the form Spec (Ô S,s [[x, y]]/xy − τ r ), where τ is an element of O S,s . And for any singularity where E also fails to be locally free, by definition of a family of spin curves (Definition 2.2.3), there are two positive integers u and v such that u + v = r, and such that E is generated by two elements, say ν and ξ, with the relations xν = τ v ξ and yξ = τ u ν. Moreover, over such a singularity, π :X → X is locally given as π : Proj A (A[ν, ξ]/(νx − τ v ξ, ντ u − ξy)) → Spec A, where A is the local ring of X at the singularity. The exceptional curve, call it D, is defined by the vanishing of x and y, and we have a situation like that depicted in Figure 4 .
We need to express E in terms of a divisor, but this is easy since it is supported completely on the exceptional locus. E is locally of the form OX (nD), and any Weil divisor of the form nD is Cartier if and only if u and v both divide n. Moreover, it is easy to see that if nD is Cartier, then when restricted to the exceptional curve D, the degree of nD is −n/u − n/v. Finally, since E has degree −r on D, we have E = OX (uvD). Now, to compute the coefficients of <Ẽ, E > just note that for families f : X → S over a smooth base curve S with smooth generic fibre, the degree of <Ẽ, E > is just the intersection number Proof. Recall first that < ω, ω >= 12λ − δ is a well-known result of Mumford [16] . The second equality follows again from E⊗Ẽ ⊗r = ω, linearity, and Corollary 4.3.11. Theorem 4.3.3 now follows easily from Corollary 4.3.13. 4.3.3. Torsion in Pic S gr . The Picard group of M g is known to be freely generated by λ (see [2] ). And Harer [14] has shown that for r = 2, the rational Picard group Pic S g2 ⊗ Q has rank one for g ≥ 9. So one might expect that Pic S gr is freely generated by µ or λ, but Cornalba showed in [5] that Pic S g2 has 4-torsion elements, and one of the consequences of Theorem 4.3.3 is that whenever 2 or 3 divides r, there are torsion elements in Pic S gr . In particular, the following proposition holds. Proposition 4.3.14. If r is not relatively prime to 6, then Pic S gr has torsion elements:
1. If r is even, then r 2 µ − (r 2 − 6r + 6)λ = 0, and thus 1 2 (r 2 µ − (r 2 − 6r + 6)λ) is an element of order 4 in Pic S gr . 2. If 3 divides r, then 2 3 (r 2 µ−(r 2 −6r+6)λ) = 0, and thus 1 3 (r 2 µ−(r 2 −6r+6)λ) is an element of order 3 or 6. Proof of Proposition 4.3.14. If the proposition were false and the element in question were zero, then in Pic S gr this element would be a sum of boundary divisors. In particular, the element in question would be of the form a i α i + b j β j + c k γ k . In the first case, multiplication by two, and in the second case, multiplication by three, allows us to replace the left hand side with a sum (from Theorem 4.3.3) consisting exclusively of boundary divisors. Thus for the first case we have a relation between boundary divisors where the sum on the right has all coefficients divisible by two: r <Ẽ, E >= 2 a i α i + 2 b j β j + 2 c k γ k .
And for the second case, the sum on the right has all coefficients divisible by three:
Thus by Theorem 4.2.3 the coefficients on the left must also be divisible by 2 or 3, respectively. However, in both cases Theorem 4.3.3.bis gives the coefficient of γ 0 as r − 1, which has no divisors in common with r; a contradiction.
Conclusion
We have shown that the moduli of pointed spin curves S nm gr and S nm gr are irreducible except in the special case when 2 divides both r and all of the weights m i in m. This generalizes classical results and results of Mumford [27] on the moduli of smooth 2-spin curves, as well as results of Cornalba [4] on the moduli of stable 2-spin curves.
We have also worked out many relations between the elements of Pic S gr . This generalizes the work of Cornalba [4, 5] , whose results hold in the case where r = 2. One of the interesting consequences of these relations is the existence of elements in Pic S gr of elements of order 4 if 2 divides r, and elements of order 3 if 3 divides r. Somehow 2 and 3 seem to be special, however, and when r is relatively prime to 6, there do not appear to be any torsion elements in Pic S gr .
It would be interesting to work out similar results on the Picard group of S nm gr , but the standard techniques that have been useful in studying Pic M gn do not appear to work for Pic S nm gr , so some significant new ideas will be necessary to do this.
